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Nonaxisymmetric Compressible Swirling Flow
in Turbomachine Annuli

C. S. Tan* and E. M. Greitzert
Massachusetts Institute of Technology, Cambridge, Massachusetts

The behavior of nonaxisymmetric disturbances in compressible swirling flows, typical of those found in tur-
bomachine annuli, is examined using an analysis based on the Clebsch transformation of the equations of mo-
tion in reduced flow form. For the flows analyzed, the different types of disturbances (vorticity, entropy, and
pressure) interact strongly in the presence of swirl. Numerical examples are presented to show that mean swirl
level and mean Mach number can have a strong influence on the downstream evolution of the nonaxisymmetric
disturbances. In particular, at high subsonic Mach number in regions of high swirl, nonaxisymmetric distur-
bances can show oscillations with decreasing amplitude as a function of downstream distance. A simple flow
model is also used to examine the static pressure nonuniformities that can occur in one class of these nonaxisym-
metric flows. The qualitative behavior described by this (much) simpler model is also deduced from the general

analysis.
Nomenclature
<, =gpecific heat at constant pressure
(é,,64,€,)  =unit vectors in 7,6,z coordinates
=enthalpy

H(z) =unit Heaviside function
i =v-1
M = Mach number
P = pressure
(r,0,2) =right-handed cylindrical coordinate system
S =scalar used in velocity description
s = entropy
T = temperature
V = absolute velocity vector
% = specific heat ratio
AT =scalar used in velocity description
0 = density
T =drift function
7, = stagnation temperature ratio across blade row
o) =velocity potential
Q = vorticity
Subscripts
c = convected quantity
n = circumferential harmonic
D =radial harmonic
R =reduced flow
r0,z =vector component in 7,6,z direction
t = stagnation value
0 =simple radial equilibrium flow
4+ = far downstream station
— o =far upstream station
Superscripts
d =downstream
u =upstream
() =periodic or circumferentially varying
O =pmean Or axisymmetric
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1. Imtroduction

HE effect of inlet flow nonuniformities on the perfor-

mance of turbomachines has been widely studied
because of the detrimental effect on compressor stall margin
and performance. In these studies, the distortions examined
are often small enough so that a linearized treatment is
possible. Linearized two-dimensional analyses of circum-
ferentially distorted flow!? yield these results: the vorticity
disturbances associated with the flow nonuniformities are
simply convected by the mean flow, and the static pressure
field is thus potential. The vorticity and pressure distur-
bances are thus coupled only by boundary conditions and
not through the structure of the flowfield.

If the inherently three-dimensional effects associated with
a mean swirl are considered, however, the situation is quite
different.*? If there is a mean swirl (typical in turbomachine
annuli once the flow has passed through one or more blade
rows), the vorticity and the static pressure disturbances are
strongly coupled. In such a situation, the three-dimensional
disturbances may be classified into three types®: 1) exponen-
tially decaying (irrotational), 2) purely convected (rota-
tional), and 3) nonconvected (containing both rotational and
irrotational parts). This implies that, as shown in Ref. 10,
combined circumferential/radial distortion may not generally
be able to be analyzed through the use of quasi-two-
dimensional strip theory.

More recently, Goldstein!"!? has presented analyses for
the velocity field that results when small-amplitude vorticity
and entropy disturbances are superposed on a steady, com-
pressible potential flow. He has shown that, if the base flow
is nonuniform, pressure disturbances will be created so that
the pressure field cannot be decoupled from the vorticity and
entropy fields.

In the present paper, the Clebsch description of the flow
equations in reduced velocity form is used for analysis of
steady, nonaxisymmetric disturbances due to stagnation
pressure/temperature nonuniformity in a compressible,
swirling flow environment. The reduced velocity approach is
employed because it facilitates the direct application of the
Clebsch formulation and solution procedure in a convenient
form. In addition, the approach allows a useful interpreta-
tion of the flowfield in terms of a given solenoidal distribu-
tion of reduced vorticity, which can be directly determined in
terms of the flow nonuniformities. Finally, results from a
homentropic flow can be immediately adopted for the re-
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duced flow obtained in a nonhomentropic flow. In the
paper, calculations are also carried out to show the
magnitudes of the effects to be expected in situations of
practical interest.

II. Basic Aerothermodynamic Equations
and Their Transformations

For the class of distortions under study, the upstream and
downstream flow of the blade row can be taken as steady in
the fixed coordinate system. It can be shown that, for a
given steady flow of an ideal fluid in the absence of body
forces, any other “‘reduced flow’’ determined by V, = V/VF
and pp =Fp will have the same streamlines if the scalar F is
chosen so that it is conserved along streamlines, although it
can vary from streamline to streamline.®!>»!* For adiabatic
inviscid flow, F can be taken to be a function of entropy or
any of the stagnation properties of the fluid. The inertial
forces, the pressure field, and the Mach numbers will also be
the same in the two corresponding flows. Furthermore, the
reduced and original flows satisfy the same kinematic bound-
ary conditions at the boundaries.

For a perfect gas with constant specific heats, a useful
choice of Fis F=e*% (Ref. 15). This transformation implies
that there is a correspondence between a given nonhomen-
tropic flow (¥,p) and a homentropic reduced flow ('VR, PR
and vice versa. The continuity and momentum equations in
terms of the reduced flow quantities are

V-prVr=0 ey
Ve XQp =V {He ¥p}={c, VP~ V1} 2

where the reduced vorticity Q is defined by @, =V X V5.
The reduced vorticity equation takes the form

VeV {(Qr/pg) — (Rg/0g) - VVp=0 3)

The implication in the analogy between the equations for the
reduced flow obtained from a nonhomentropic flow and a
homentropic flow is that the analytical method used for
homentropic flow is directly applicable to the reduced flow.
Equation (3) implies that irrotationality of the reduced flow,
once established, will persist. In contrast, the rnonhomen-
tropic original flow, even when starting uniformly from rest,
will not continue to be irrotational. Equation (2) also implies
that, as pointed out originally by Munk and Prim,!* changes
in the stagnation temperature distribution will not change the
streamline pattern.
A general solution to Eq. (2) is given by

Qe =0, + 0y, = V{c,PI D7) X Vg + AV @)

where 7 is the Darwin-Lighthill-Hawthorne drift func-
tion'71? satisfying

V- Vrg=1 5)

in the reduced flow. Since Q,,(=V {c, P77} x Vrp),
associated with the stagnation pressure variation, is
divergence-free, the reduced Beltrami vorticity Qp, satisfying
the homogeneous equation ¥ Xz, =0 can be written as

@5, = VSp X VT (6)

If the stagnation pressure is constant, the reduced flow is
either irrotational or a “‘reduced’’ Beltrami flow.® The varia-
tion of 7, from streamline to streamline is directly connected
with the development of streamwise reduced vorticity due to
the stretching and tipping of the reduced vortex filaments
associated with the stagnation pressure variation.
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In the spirit of the Clebsch approach!® to steady rotational
flow, the reduced velocity vector Vj is decomposed into ir-
rotational and rotational parts,

Ve=Vop+ (c,Plr" V")V + 85, VT @)

where ¢, is the reduced velocity potential and
{c,Plv" 7}V 7, and S VI, are the parts of the reduced
velocity vectors that account for the rotationality of the
reduced flow.

The theoretical results are applied in the next section to
analysis of the nonaxisymmetric disturbances caused by a
steady pressure/temperature distortion. To the authors’
knowledge, this is the first time an approach of this type has
been applied to a nonaxisymmetric compressible flow in tur-
bomachinery annulus.

III. Asymmetric Compressible Flow
Through an Annular Blade Row
The asymmetric flow ¥ under consideration (Fig. 1) is
taken to be a small-amplitude distortion, v, superimposed
upon a circumferentially averaged mean flow V. This latter
can be thought of as a sum of a simple radial equilibrium
flow ¥V, and an axisymmetric disturbance flow v, associated
with streamline curvature in the r-z plane.?' Thus,

V=V,+(0,é,+7.¢)+7V 8)

where .
Vi =Vyé,H(2) + I_/o‘;éz ()]

The superscripts # and d -denote the region upstream and
downsteam of the annular blade row.

We take the variations in stagnation pressure or stagnation
temperature (as well as the associated velocity v) to be small;
i.e.,

151 6P, c,oT,
V1" VapoV3' ViV3

=0(e)<1 (10)

as well as 1vl/ 1V, <1. Thus, the stagnation quantities, the
entropy, and (Agz/p,) remain constant on the streamlines of
the simple radial equilibrium flow which, from the continu-
ity condition, can be written as

poVo=Vax vy (11)

Without any loss of generality, we can choose
a=0—f(r,z)>% so that ¢ is the Stokes stream function for

Blade-Speed
T = Circulation

Fig. 1 Coordinate system for analysis of nonaxisymmetic flow
through an isolated annular cascade.
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V,. For the present case, f(r,z) is given by

f(r,z): Sz ‘iﬁ dZ:[ V(’ i

0 er VOz r ]along constant ¢

(12)

The solution and results presented here will be for the case
of downstream free-vortex mean switl; V, =K,/r, where K,
is a constant. For non-free-vortex swirl, a solution technigue
analogous to that in Ref. 6 can be employed.

From Eq. (7) it follows that, in the linearized approxima-
tion, the nonaxisymmetric disturbance flow can be described
as follows:

7= (Vi/2)sd + v i+ A% (3)
where
-1_ =[V{y-1) .
A% = [1+—7—2—M§,m] T P, (14)
and

1
A =Sp (@) VT ($) +—

Z+®

-1 ~[1/ey- 1)
[1+ il Mg_m] !
2

X (7.) W=D pdg, 15

All variables have been made dimensionless using p_,
V, ws €, and r, (tip radius). The rotationality in the
upstream asymmetric flow is due to the imposed stagnation
pressure variation; hence, Eq. (14). In the downstream
region, the rotationality can be due to the presence of trail-
ing vorticity from the blade row, the first term on the right-
hand side of Eq. (15), as well as the stagnation pressure
variation, in the first term on the right-hand side of Eq. (13)
and the second term on the right-hand side of Eq. (15).

Equations for ¢% and ¢% can be derived from application
of the continuity condition

L ¢p= (16)
T l I | i
=0.1 —
1
0 2 4 6 8 {0
Axial Distance, z/r;
l
=0.5
|
0 2 4 6 8 10

Axial Distance, z/ rr

Fig. 2 Evolution of amplitude of tangential velocity perturbation
downstream of stator for three radial locations.
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In Egs. (16) and (17) we have used the Fourier series
representation

(B, H,S,Sg () VT (¥)] = E [P,.H,.5,,G,le"™  (18)

The differential operators L* and L? are given by

= L L e 0T )
T r ar rt oo az?

(1+ 0+oa) d (1~1\_ﬁ+m)_3_2_
6r2 r Br r? 062

oMy, . 32 _ a2
) Z+ 9+ + (1 ~ M? )___2_
r 9z

20
360z e 20)

Solutions to Eqgs. (16) and (17) can be obtained in series of
smooth eigenfunctions given by

o oo }\u
P

8

R, (r)e™Z,,(z)H(z) @1

The eigenfunctions R »(r) are chosen to satisfy the bound-
ary conditions at hub and tip of vanishing radial velocities.
The solution procedure is sketched out in the Appendix and
details can be found in Ref. 20.

Note that in the solution for ¢ from Eq. (17), G, (r), the
contribution of the shed circulation to the downstream radial
velocity, vanishes at hub and tip,®* because the imposed
upstream stagnation pressure distortion is taken to have
vanishing radial derivative at the hub and tip."

The first double sum in Eq. (21) is exponentially decaying
but possibly oscillatory (complex \,,}). This is the potential
type of disturbance that also exists in nonswirling flows. The
second double sum is the nonconvected part of the distur-
bance, which changes as the fluid particle moves along the
mean streamlines. A pressure field, and hence a coupling
between pressure and entropy and/or vorticity disturbances,
is associated with this type of disturbance. This behavior can
be deduced from the functional form of Z,,(z) given in the
Appendix, which has, in the absence of swirl (to order €) no
contribution to the pressure field at all. Finally, the con-
vected part of the disturbance flow, which has no associated
pressure field, is given by (Fy/2)s and A, in Eq. (13).

13

The unknowns {A%,}, {G,(r)}, {P4(r)}, and (H(r))
are determined through the application of matching condi-
tions across the blade row, which we take to be an actuator
disk. These are: 1) conservation of mass; 2) continuity of
radial velocity; 3) constant leaving angle at the exit; 4) con-
servation of energy; 5) no loss across the blade row (i.e.,
isentropic flow).

Note that the linearized version of the velocity decomposi-
tion given in Sec. II is somewhat similar to that in Ref. 8.
The decomposition used here, however, is in terms of the
stagnation pressure and temperature, which are the quantities
of interest in turbomachinery.



JANUARY 1986

The above description of a three-dimensional disturbance
field is rather general but is fairly complex. Thus, in the next
section, we present a much simpler analysis which, although
not as general, enables one to see the coupling of the
pressure and vorticity/entropy disturbances explicitly.

IV. A Simple Theory for Static Pressure
Nonuniformities in Compressible Swirling Flow

In this section, we develop a simple description of the
three-dimensional swirling flow in an annular region in order
to examine the static pressure nonuniformities that can oc-
cur. This description illustrates the coupling between pres-
sure and entropy and/or vorticity perturbations, as well as
the inherently three-dimensional secondary flow velocities
driven by these pressure perturbations. Within the approx-
imations made, it is shown that this quasi-three-dimensional
description agrees with the more general approach.

For compressor response to steady inlet distortions, the
nonuniformities associated with perturbations that have a
wavelength equal to the circumference of the annulus are of
most interest. The circumferential and axial length scale of
such distortions in many situations is large compared to the
annulus height. The flow at any circumferential position can
thus be regarded as in /ocal simple radial equilibrium, so that
local radial pressure gradients are balanced by local cen-
trifugal accelerations.* In addition, the mean flows con-
sidered are often not far from free vortex and the radial
variation in entropy is not large. (The former restriction is
actually not very severe, since the present type of analysis
has been experimentally verified to give a very good descrip-
tion of a swirling flow with roughly constant values of V,,
and I-/z, a situation quite different from a free vortex flow.)

With these approximations, the linearized equations of
motion can be written as

2V,0 1 ap p (1 dp

_ "U":___L_Fﬂ.(___l)_) (22)
r p or /o \p dr

V, 05, o0, 1 op

) Al R 23
ro a9 ‘oz pr 08 23)

0 l Lo | \
0 2 4 6 8 10
Axial Distance, z/rT

Fig. 3 Evolution of amplitude of axial velocity perturbation
downstream of stator for thrgg radial locations.
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v, 05, _ 97 1 op
R T 7 S
ro 00 ‘oz p 09z @49

1 0 . 1 V, ap V., 8p 1 90, v

——~(prU,)+——~———+~——z—+(——0+ Z>:

pr or o r 00 p 0z r or 9z 0
(25)

p 5 V¥ (26)

In considering the effects due to a strongly swirling mean
flow, it is useful to split the velocity field into three parts:®
1) The (circumferentially uniform) méan swirling flow.

2) That part of the velocity, density, etc., perturbations
that can be taken to be convected along the mean
streamlines. These would be the only perturbations that
would occur if the mean flow were uniform.

3) ““‘Secondary flow”’ perturbations arising from interac-
tions between parts 1 and 2. These represent the fact that
purely convected perturbations do not occur in this type of
swirling flow.

Note that, in contrast to the analysis presented in Sec. 111,
neither the exponentially decaying potential flow disturbance
nor the contribution from the trailing vorticity is included in
this description. Hence, detailed matching at the blade row
cannot be carried out, and we can only consider the
downstream flowfield. However, the above decomposition of
the velocity field is similar to that in Sec. III; the terms
(V/2)s% and Ay in Eq. (13) correspond to that in part 2
above, while the second double sum in Eq. (21) corresponds
to part 3 above.

The procedure followed is to expand the flow quantities in
a Taylor series about conditions at the mean radius, r=R.
This has been found to yield a quite useful description of the

2 8
Axial Distance, z/ry
2.2 T I 1
ﬁz-m? 0.5
8
1
NN
1>
$
e 1.4 —
v
~
a
0 ]
0 2 4 6 8

Axial Distance,z/r

Fig. 4 Evolution of static pressure perturbation amplitude
downstream of stator at various radii.
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v = 0.1 distance, their growth is in fact bounded since, at some
z-00 1.4 downstream location, they will have grown large enough that
0.5 l 32/r¢= Z/r 1= the assumptions on which this simple analysis is based is no
o = 0.0 o 0.0 longer valid.*
/\ o2 0 0.2 It is of interest to examine how the simple model is related
0 ’ to the general results of the analysis in Sec. III. In Eq. (21),
8N 0 /\ 0.4 0 y 04 for n=1, small z and small departure from the mean radius
'>8 o] /\ 0.6 Y 0.6 R, the Taylor series of Z,,(z)—hence Zj,(z)—about z=0
1l o A 0.8 0 o8 yields
,\w 0 /\ 1.0 0 1.0
a — 0 I.2 Z,,(z) } (r—R)
- 0 /\ 2 Z1p _
SN 0 s 2 2) =) Ly (R) +20, (R)] (30)
k= [~ 1.6 B
2 8 L/\ 1.8 0 1.8 where we have evaluated the value of the integrand at r=R
::: 0 2.0 0 2.0 and replaced dr by (r—R)/R. It is these terms in the sum in
$ O >\/\_ 2.5 o} 2.5 Eq. (21) that represent the behavior of the nonconvected
a 4 \/: 3.0 o 3.0 disturbances that are described by the simple model. In addi-
® 4 v 3.5 o 3.5 tion to the linear dependence on r about r=R, the non-
] o \_/: 2.0 0 4.0 convected part of the v.elocity field has a linear dependence
o o v a5 o 45 on z, the same as predicted by the simple mode1:
iy \/ ’ o 5.0 Finally, although we have expressed the static pressure
o o 5.0 5'5 perturbation and secondary flow velocities in terms of the
= ° % 5.5 0 ) vorticity and entropy distortions in Eq. (29), the former can
2 g ;:\/ g 'g 0 6.0 also be expressed in terms of the nonuniformity in stagnation
n - A ’ 0 = €.5 pressure alone®® in accord with the general substitution prin-
-0.5 SR —— = ciple of Munk and Prim.!*
0 180 360 45 180 360
P 5 V. Numerical Examples

Fig. 5 Evolution of static pressure nonuniformity at r=10.5.

flow for the types of disturbances of interest. The leading

term in this Taylor expansion is integrated using the assump-

tion of local simple radial equilibrium to get an expression
for the pressure,

. __(r—R) (20, S, )

rz) =pVi————\-——— 27

p(r,z)=pVj R v, c @7

D

r=R

where the quantities on the right-hand side are evaluated at
the mean radius. The term @, is due to the vortical distur-
bance, whereas §, is associated with the entropy nonuni-
formity; both of these are convected with the mean flow.
The presence of the entropy term actually reflects the effect
of (convected) density perturbations since the entropy and
density are related by

$e/Cp=—Be/P (28)

The pressure perturbations given in Eq. (27) are the driv-
ing terms for secondary velocities (denoted by subscript ““1°”)
g and ;. These, in turn, can be found by integrating Eqgs.
(23) and (24) to give ’

(). (r=R) ¥}
5 R 7,

{(I/R) (3/06) } [2% Se

(3/82) —V:_T] 29)

zl D

The derivatives of the quantity in square brackets are
known since V¥, and §, are specified at z=0 and are known
functions of the variable (#-z/R tan&). The convected part of
the velocity perturbation terms (7,.) correspond to vorticity
disturbances and, with a uniform base flow, would thus
represent a pure shear disturbance.

The pressure disturbances will have, within the context of
the simple analysis, the same type of behavior as the vortic-
ity and entropy disturbances in that they will also swirl
around the annulus (at the mean flow angle) as one moves in
the downstream direction. While the secondary flow
velocities are predicted to increase linearly with downstream

In this section, we present selected representative num-
erical results to show the effects of compressibility on the
magnitude and downstream evolution of nonaxisymmetric
disturbances in a swirling flow environment. In the first two
examples, which are based on the general analysis, the
distortion in stagnation pressure is specified at a station far
upstream of a stator and a rotor, respectively. A third situa-
tion is then examined using the simple theory. For each ex-
ample, only representative calculations are presented to il-
lustrate the typical behavior; many other numerical results
are given in Ref. 20.

In the calculations, only the Mach number in each exam-
ple is varied, so that changes in disturbance behavior can be
ascribed entirely to Mach number effects. The distortions to
be considered are of the form

D;=ecost (31)

since it is the low-order disturbances that are most important
in this problem. However, higher harmonics can also readily
be examined within the framework of the present analysis.

The calculations are carried out for a free-vortex blade
row representative of those in low hub-tip ratio turbo-
machines. The parameters used are

hub-to-tip ratio 4 = 04

Ko/V,. o

il

0.5 (corresponds to a swirl
angle of about 35
deg at midradius)

stage loading ¥ = 0.6 [¥=c,AT,/(rotor
(for rotor) speed at mean radius)? )

{0 for stator

w (inverse of flow co- = .
( 1.7 for rotor

efficient at blade tip)

In the calculations, the far upstream Mach number M,_, is
varied so that the downstream Mach numbers vary from the
incompressible regime to the high subsonic regime (i.e.,
=0.7).

In the following, velocity perturbations are nondimen-
sionalized by eV,_,,, pressure perturbations by ¢p_,, V2

Z—o)

enthalpy perturbations by eV?__, entropy by €c,, and
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Fig. 6 Evolution of types of tangential velocity disturbance
amplitude downstream of rotor at three radii; M, _ =0.5.

distance by tip radius r;. The quantity r denotes the non-
dimensional radius, i.e., radius/r.

Stator (Inlet Guide Vane)

Figures 2 and 3 show the downstream evolution of the
amplitude of the nonaxisymmetric velocity at different radii,
for far upstream axial Mach numbers of 0.1 (essentially in-
compressible) and 0.5. The disturbance amplitude is plotted
as a function of nondimensional downstream (axial) distance
z (2=0.0 is the location of the blade row).

Figure 2 shows the amplitude of the tangential velocity
perturbations. For M,__, =0.1, these decrease steadily with
axial distance (Fig. 2a), but for Mz_m =0.5, they increase to
a maximum (at about z=1) before decreasing (Fig. 2b). In
addition, the nondimensional amplitude is considerably
larger at the higher Mach number.

The amplitude of the axial velocity perturbation is
presented in Fig. 3. At M,_., =0.1 (Fig. 3a), the axial veloc-
ity amplitude in the outer part of the annulus increases until
it reaches a steady value at z=35.0. This is due to the con-
vected perturbations. For r=0.5 there is an increase, then a
slight decrease, to this final value. For M,_, =(0.5 (Fig. 3b),
however, the amplitude decreases rather rapidly before
following an oscillatory increase to the final value. The
oscillations are strongest at r=0.5, where the swirl and Mach
number are both high.

From the results in Figs. 2 and 3, it is noted that Mach
number can have an influence on the downstream evolution
of the amplitude of the velocity nonuniformities. In par-
ticular, the velocity tends to oscillate in the higher Mach
number regime as well as in regions with larger swirl, i.e.,
the hub region. The explanation is that the different types of
disturbance (potential, nonconvected, and convected) have
different phases from one another in the 6-z plane at a par-
ticular radius [see Eq. (32)]. They thus combine to yield a
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resultant disturbance that has a different phase from that of
each of the original component disturbances, and hence the
amplitude varies with the downstream distance.

Figure 4 shows the behavior of the static pressure pertur-
bation at M,_,, =0.1 and 0.5. Although the compressibility
does influence the behavior somewhat, the general trend is
that oscillations in amplitude tend to decay strongly with
downstream distance. This will be contrasted with the rotor
behavior, which will be discussed below.

Figure 5 shows the downstream evolution of the static
pressure perturbations at -a given radius, i.e., static pressure
vs circumferential position for different axial stations, at a
constant radial location r=0.5. For low Mach number flow,
the single-lobe asymmetric disturbance is seen to shift in the
swirl direction. At M,_,, =0.5, however, this shift (which
can be characterized by the value of d6/dz for the peak point
of the perturbation) is much smaller for small downstream
distances and, near the blade row, is actually opposite to the
swirl direction. The reason is that

6
E—: —real part ()\ﬁp)for potential disturbances  (32a)

de K

0 .
Fz— = TZV—for convected disturbances (32b)

Z+ oo

. . K
— =radial weighted average of S
dz r*Veto
for nonconvected disturbances (32c)

As M,_,, increases, the real part (\,,) also increases, so that
there is a stronger negative contribution to this shift from
the potential disturbances. It is to be stressed that, although
we have discussed the velocity and pressure distributions in
terms of this shift, this is really an oversimplification,
because the three types of disturbances have very different
kinematic behavior.

Rotor

Before showing the numerical results for the rotor, some
general discussion of the particular parametric studies that
have been carried out is appropriate. The basic purpose of
these studies was, as stated, to show the effect of com-
pressibility on the behavior of nonaxisymmetric distur-
bances. To do this, the downstream Mach numbers should
be in the high subsonic (say M=0.7) regime. In an actual
compressor this can occur when the upstream axial Mach
number- is relatively low because of the substantial contrac-
tion in annulus height that is generally present. The present
analysis, however, treats only the case of constant annulus
height. Hence, for a given upstream Mach number and stage
loading, the downstream Mach numbers will be substantially
less than those encountered in situations with annulus con-
traction. (This was not true for the vane row because of the
velocity increase across the blade row.)

Thus, carrying out calculations at a value of Mz_m =0.5,
for example, is not sufficient to illustrate the significance of
compressibility on the downstream flowfield. For this
reason, we have done calculations using an upstream axial
Mach number of M,_,=0.9, corresponding to a down-
stream resultant Mach number of about 0.75 at the hub and
0.45 at the tip. Although it is recognized that this is
unrealistic from the points of view of 1) choking, and 2)
nomnisentropic behavior in a practical rotor, the downstream
flow evolution will still be correct and the downstream Mach
numbers will be more representative of those encountered in
actual practice. The calculations will thus consist of cases
with far upstream axial Mach numbers of 0.1 (essentially in-
compressible), 0.5, and 0.9.

The behavior of the velocity disturbance fields in the case
of a rotor is qualitatively similar to that in a stator described
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Fig. 7 Rotor: Evolution of static pressure perturbation amplitude
downstream of rotor at three radii.

in the preceding sections on stators. However, to illustrate
the difference in phase between potential, nonconvected, and
convected parts of the disturbance, we present in Fig. 6 the
downstream evolution of the amplitude of these different
types of disturbances, as well as the resultant tangential
velocity disturbance. (Other disturbance fields exhibit a
similar behavior.) The graphs show this evolution at non-
dimensional radii of 0.9, 0.7, 0.5, respectively. The upstream
Mach number is 0.5. At each radii, it is seen that the con-
tribution from the convected part trends to be rather small
while the potential part decays exponentially. At downstream
distances greater than roughly one to two tip radii, the
tangential velocity appears to be due mainly to the non-
convected disturbances. In the hub region, where larger swirl
occurs, the amplitude of the nonconvected part and, hence,
of the resultant tangential velocity perturbation tends to
oscillate. The amplitude of the various disturbances do not
add up to that of the resultant because of the difference in
their phases.

Figure 7 shows the amplitude of the static pressure distur-
bance for different Mach numbers at r=0.5, 0.7, and 0.9.
The static pressure nonuniformity decreases rapidly with z in
the region very close to the blade row. The evolution at the
higher Mach regime (M,_,=0.5, 0.9) is quite different
(Figs. 7b and 7¢). The amplitude of the static pressure distur-
bance increases markedly with the Mach number. In addi-
tion, near the hub, where the swirl is larger, the amplitude
undergoes a decaying oscillation with downstream distance
This is quite different from the behavior of the stator (Fig.
4), which has a far less oscillatory behavior. This can again
be attributed to the difference in the phase of the tangential
and axial velocity fields (between the stator and the rotor),
which contributes to the resulting static pressure field. This
phase difference is a consequence of the matching conditions
across the rotor.

Fig. 8 Static pressure perturbations in an asymmetric compressible
swirling flow computed from simple theory [h=ry,/r;=0.5, &=45,
P, =025 yM*P].

The amplitude of the asymmetric disturbance thus tends to
oscillate in regions of larger swirl and higher subsonic Mach
number.

Numerical Example Using Simple Theory—Steady Circumferential
Distortion '

In this example, we take the mean swirl angle & to be 45
deg, the hub/tip radius ratio of the annulus to be 0.5, and
15,1 to be Y4p¥2. The results are shéwn in Fig. 8 (note the
difference in the nondimensionalizing scheme as compared
to the previous example). The nondimensionalized static
pressure nonuniformity 151/p, is plotted vs the mean Mach
number M. Also indicated on the figure are the respective
contributions of the vorticity and entropy perturbations. On
the right of the figure, the scale shows the static pressure
normalized by the stagnation pressure nonuniformity
161/1p,1. The corresponding value from Ref. 6 (for incom-
pressible flow) is given by the ordinate of this curve at M =0.
The variable plotted (i.e., 1p1/15,1) has been chosen to il-
lustrate directly the magnitudes gf the effects.

There are several points to be made from the figure. First,
and most obvious, the amplitude of the calculated static
pressure nonuniformity increases strongly as M increases,
simply because of the increase in the level of the dynamic
pressure. Second, for many of the swirling flows that are of
interest in turbomachines (M <1), it is the vorticity distur-
bance that is most important, with the contribution of the
entropy nonuniformity being relatively small.

It should be emphasized tha;}, this simple analysis does not
include the exponentially deca(yjflg type of (potential) distur-
bance or the disturbances asso(:jétted with the presence of the
Beltrami vorticity. (Inclusion of these is the result of the
matching conditions imposed at the disk.) Hence, the results
obtained here cannot be compared directly with those ob-
tained in Sec. III.

VI. Summary and Conclusions

The Clebsch approach to the aerothermodynamic equation
of motion in a reduced flow has been applied to the study of
the behavior of nonaxisymmetric disturbances in a com-
pressible, strongly swirling flow environment, typical of
those found in turbomachine annuli.

Entropy, vorticity, and pressure disturbances are strongly
coupled in these swirling flows. Thus, in addition to con-
vected and potential distirbances, nonconvected distur-
bances can also occur. Thqg:g nonconvected disturbances are
associated with a static pressure field that persists down-
stream with modulation in amplitude.
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The numerical examples presented here show that com-
pressibility can have a strong influence on the magnitude and
downstream evolution of the nonaxisymmetric disturbance.
In particular, at higher Mach number, the computed ex-
amples show that the amplitude of the disturbances in the
hub region (where the swirl is the largest) tends to be larger.
In this region the disturbance amplitude can also oscillate
with decreasing modulation in the downstream direction.

At high Mach number, the potential disturbance can be
dominant in the immediate neighborhood of the blade row.
Thus there may be an initial rapid decay in disturbance
magnitude followed by an increase, due to the presence of
the nonconvected disturbances. At sufficiently high subsonic
Mach numbers, the phase speed of the disturbance in §-z
space can be negative in the downstream region close to the
blade row, becoming positive again further downstream.

Finally, it is noted that the differences between the results
of the general analysis and the simple model can be at-
tributed to the absence of the disturbances associated with
the blade row matching conditions. It is, however, possible
to extract from the more exact analysis the qualitative
behavior of the nonconvected disturbance described by the
simple model.

Appendix
The normalized eigenfunctions Ry, (r) are given by
u I (Xnp)
np (r) = {Jn (anr) _Y';(—X’;)Yn (anr)}

it

J, and Y, are Bessel Functions of the first and second kind.
The primes denote differentiation with respect to argument.
The A}, in Eq. (21) is given as

ZpZan/Vl_M§~m (A2)

T ap) ]2 }/
Vg Yo ) | dr (AD

with x,, determined from the transcendental equation

Jrlz (an)lel(anh)_Jr/r(anh)Yr/r(an):() (A3)

The radial eigenfunctions {R (r)} of the downstream
flowfield are chosen to satisfy

dszp (1+Mj, ) dRj,
dr? r dr
+ iznx;przg -N\B,, ——(1 +m)}Rﬁfp =0 (A4

and boundary conditions
dr?
—® =0 atr=h 1

dr

A, and B, are approximated by

m 1 M, M
A 2—5;, rm=1 {—““’ “‘”}dr

(1-h™) r
m 1
Bzﬁ=m§ Y1 - M2, )dr

instead of the original M,M,Mg/r and (1-— Z+o{,) This ap-

proximation yields the relatively simple orthogonality con-
dition

1 Y . _
S, exp[S % ] RE,(P)RE, (r)dr= {A”” if p=g

] 0 otherwise
(AS)
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which allows Z,,(z) in Eq. (21) to be obtained analytically
as

Z,,(z)=—

an]Gn(r)

K K
+ [xzp—-_——"_ 0 ][xg;——". 0 ]dr (A6)
r r

where

1+M%+oo dl’] Rnp(r)
r

r

-1 Uy -1 -
DO_{ z+m|:(1+’YTM§+oe>7c‘] ! }

and )\d is the complex conjugate of )\ The standard
Galerkm s method is used for the determmatlon of )\“' and
(r) from Eq. (A4).

The value of m is chosen such that the A\¢ » from Eq. (Ad)
is the best approximation to the case when A,e =M, M/
and A, =(1~M2,,). The governing equation for Z, p ()
has been obtained by substitution of Eq. (21) into Eq. (17)

and weighing the resulting equation with
1+ M
exp H ——r“#dr] R4 (r)
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